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Random walk simulations of thermal walkers are used to study the effect of interfacial resistance on
heat flow in randomly dispersed carbon nanotube composites. The adopted algorithm effectively
makes the thermal conductivity of the nanotubes themselves infinite. The probability that a walker
colliding with a matrix-nanotube interface reflects back into the matrix phase or crosses into the
carbon nanotube phase is determined by the thermal boundary 共Kapitza兲 resistance. The use of
“cold” and “hot” walkers produces a steady state temperature profile that allows accurate
determination of the thermal conductivity. The effects of the carbon nanotube orientation, aspect
ratio, volume fraction, and Kapitza resistance on the composite effective conductivity are
quantified. © 2005 American Institute of Physics. 关DOI: 10.1063/1.1940737兴
The impressive physical, thermal, and electrical properties of carbon nanotubes 共CN兲 have the potential to improve
the properties of polymer composites. The thermal conductivity is estimated at 3000 W / mK for an isolated multiwall
CN1 and between 1750 and 6600 W / mK for a single wall
CN 共SWNT兲 at room temperature.2–4 Based on the predictions of Maxwell’s formula5 or of the simple “mixture law,”
one would expect CN composites with low conductivity
polymers 共i.e., conductivity less than 0.5 W / mK兲 to demonstrate an effective conductivity tens of times higher than the
conductivity of the polymer matrix, even for 1.0 wt % CN.
However, experimental evidence has shown that the addition
of up to 2.0 wt % of CNs into industrial epoxy composites
increases their thermal conductivity by up to 125%.6 Suspensions of nanotubes in oil, on the other hand, show an enhancement of the effective conductivity relative to the Maxwell predictions for spherical inclusions.7
It appears that the thermal resistance 共or Kapitza
resistance兲8–12 of the CN-matrix interface, which is not taken
into account in the development of Maxwell’s theory, plays a
significant role in the determination of the conductivity of a
composite or a suspension. The thermal resistance to heat
transfer through an interface becomes important when the
high conductivity inclusions are small in size, and their surface to volume ratio is high.13 The case of CN composites
falls in this category, and, Molecular Dynamics simulations14
have shown that the thermal resistance is important for the
case of CN suspensions in octane liquid.
The present work is a computational study of the thermal
properties of dispersed-nanotube composites by taking into
account the Kapitza resistance. An algorithm based on the
random walk15 of thermal markers in a composite matrix
with dispersed cylinders is used. Tomadakis and
Sotirchos16,17 have used a similar algorithm to study the
transport properties of random arrays of cylinders in a conductive matrix. In our algorithm, we treat the CN thermal
conductivity as effectively infinite, obviating the need to
a兲
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model random walks within the nanotubes. This approximation is appropriate, since the CN conductivity is much higher
than that of the matrix 共e.g., three orders of magnitude for
epoxy兲. Our algorithm is, thus, more efficient than a typical
random walk algorithm, and much faster than a Molecular
Dynamics algorithm. Even though it cannot provide results
at the fundamental molecular level as Molecular Dynamics
can, it can be used to model physicochemical properties of
randomly dispersed nanotube materials quite successfully.
The computational domain for the numerical simulation
is a cubic cell with two phases; one phase is the matrix and
the other is the CN cylinders that are dispersed into the matrix phase. The computational cell is divided in bins, and the
temperature distribution is calculated from the number of
walkers in each bin. The computation of the effective transport coefficients is based on an off-lattice Monte Carlo simulation of random walkers traveling in the computational cell
for a relatively long time. Heat flux is in the x direction. Heat
walkers are initially distributed uniformly at the surface x
= 0, and then move with random jumps that follow a normal
distribution into the computational cell. The walkers exit at
the surface x = 2b 共for a constant flux boundary condition兲 or
bounce back into the computational cell 共for an isothermal
boundary condition兲. The cell is periodic in other directions.
The displacement of the walkers in the matrix is due to
Brownian motion18 and can be described by a normal distribution with a zero mean and a standard deviation that depends on the matrix thermal diffusivity, Dm. The standard
deviation of the distribution in each one of the space dimensions is  = 冑2Dm⌬t, where ⌬t is the time increment.
The following assumptions were made.
共1兲 The CN thermal conductivity is much greater than that
of the matrix,1–4 and therefore walkers distribute uniformly once inside the CNs.
共2兲 Collisions between walkers are ignored. The random
walk reflects the scattering of phonons by the disordered
matrix material 共i.e., the interaction of the walkers with
the matrix兲. Walker–walker interactions would reflect
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thermal conductivity that depends on the local temperature, and we ignore such nonlinear interactions.
The properties of the materials 共e.g., density, specific
heat, thermal relaxation length兲 do not change with temperature over the range modeled.
The thermal resistance for a heat walker traveling from
the matrix to a CN equals that from a CN to the matrix,
as required by the principle of microscopic reversibility.
The product of the CN density and heat capacity equals
that of the matrix, so that in thermal equilibrium the
walker density would be uniform inside and out of the
CNs.
All walkers bounce back when they reach the surface
x = 0, so that they cannot enter and immediately leave.
This allows us to fix the heat flux at that surface.

With the earlier assumptions, once a walker in the matrix
reaches the interface between the matrix and a CN, the
walker will move into the CN phase with a probability f m-CN,
which represents the thermal resistance of the interface 共and
will stay at the previous position in the matrix with a probability 1-f m-CN兲. Similarly, once a walker is inside a CN, the
walker will redistribute randomly within the CN with a probability 共1-f CN-m兲 at the end of a time step, and will cross into
the matrix phase with a probability f m-CN. In this later case,
the walker moves first to a random point anywhere on the
surface of the CN and then moves with a normal distribution
into the matrix.
According to assumption 共4兲 earlier, the thermal resistance is the same when a walker moves from one phase into
the other, but this does not mean that f m-CN = f CN-m. To see
why, we consider the case of a slab of material with a large
thermal conductivity embedded in the matrix. In thermal
equilibrium, the average walker density within the slab
should equal that in the matrix. However, if we take f m-CN
= f CN-m, this will not be the case for our algorithm where
walkers can leave anywhere on the surface the next time
step. We must weight the exit probability f CN-m, so that the
flux of walkers into the slab equals that going out when we
are in equilibrium. The weight factor depends only upon geometry, since its goal is to achieve the correct density. Careful analysis shows that to maintain equilibrium the two probabilities are related as f CN-m = 共C0Ac / Vc兲f m-CN, where Ac
and Vc are the surface area and the volume of a nanotube,
respectively. The constant C0 is shape and size dependent,
and was set equal to unity in this work. According to the
acoustic mismatch theory,19 the average probability for transmission of phonons across the interface into the dispersion,
f m-CN, is given by f m-CN = 4 CCmRbd , where  is the matrix
density, C is the matrix specific heat, Cm is the velocity of
sound in the matrix, and Rbd is the thermal boundary resistance.
Considering the computational time needed for each
simulation and the computational errors involved, it was decided to use 90 000 walkers, a time increment of 0.25 and
1283 bins for the rest of the simulations.
Randomly dispersed nanotube composites. The heat
flow was studied in a 10 m size cubic cell containing
0.35 m diameter nanotubes 共these quantities are scaled兲.
The CNs were perpendicular or parallel to the direction of
heat flow 共i.e., the x axis兲, or they were randomly oriented; in
all cases the location of the CNs was random. The number of

CNs in the cubic cell varied from 10 to 640 and depended on
the aspect ratio of the cylindrical CNs and the volume fraction of CNs. The simulations were conducted with three different orientations of CNs dispersed in composites 共parallel
to x axis, parallel to z axis, and random兲, with different thermal resistance 共f m-CN = 1.00, 0.50, 0.20, 0.02兲 and with different volume fraction of CNs 共8%, 4%, and 1%兲. In order to
make the calculation of the effective conductivity easy, we
studied heat transfer with constant heat flux through the domain with hot and cold planes at x = 0 and x = 2b, respectively. This was done by having “hot” walkers enter at x = 0
and “cold” walkers 共carrying negative energy兲21 enter at x
= 2b. The theoretical solution of this problem at steady state
is a linear temperature profile whose slope is inversely proportional to the medium conductivity. This time-independent
result was robust and trivial to fit, in contrast with the changing exponential profiles of a time-dependent problem. The
simulation results for the effective thermal conductivities of
dispersed-nanotube composites with constant heat flux are
summarized in Table I. For each entry, the thermal conductivity was the average of three simulation runs with different
initial nanotube random distributions. The matrix thermal
conductivity used for the simulations was 1.0 W / mK. Figure
1 shows the thermal conductivities of nanotubes dispersed
without fixed orientation in the composite 共case 3 in Table I兲
where the ratio of the nanotube length, L, over the nanotube
diameter, D, is 3.75. When either the volume fraction of the
nanotubes increases or the thermal resistance decreases,
walkers move from the matrix into the CN easier. In addition, the walkers can move much faster inside a CN than in
the matrix due to its high thermal conduction. Hence, the
effective thermal conductivity increases. Table I shows that
the above trend can be observed for all three cases of dispersion pattern of CNs.
With the same thermal resistance, volume fraction and
dispersion pattern of CNs, the random jump of walkers in the
heat flow direction is less for case 1, higher for case 2, and
maximum for case 3. This allows the heat walkers to diffuse
faster in the cell. Therefore, the thermal conductivity increases in cases 1, 2, and 3, as expected.
When we change the aspect ratio of the CNs, the thermal
conductivity for case 1 is not affected at a given volume
fraction of nanotubes. The reason is that the random jump of
walkers inside the nanotubes in the heat flow direction does

Ⲑ

FIG. 1. Effective thermal conductivities of randomly dispersed nanotube
composites as a function of the volume fraction of nanotubes at L / D
= 3.75. For each value of thermal resistance and volume fraction of nanotubes, the thermal conductivity is the average of three simulation runs with
different initial nanotube random distributions.
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TABLE I. Thermal conductivities of nanotube composites with constant heat flux.
Volume fraction 共%兲
8

4

1

f m-CN

Rbd ⫻ 10 共Km W 兲

1.00
0.50
0.20
0.02

0.012
0.024
0.061
0.610

1.19
1.11
1.04
1.04

1.10
1.06
1.04
1.00

1.05
1.04
1.03
0.97

1.00
0.50
0.20
0.02

0.012
0.024
0.061
0.610

1.65
1.53
1.30
1.05

1.31
1.27
1.16
1.03

1.10
1.10
1.07
1.03

1.00
0.50
0.20
0.02

0.012
0.024
0.061
0.610

1.29
1.28
1.17
1.04

1.15
1.13
1.09
1.01

1.06
1.06
1.05
1.01

7

2

−1 a

8

L / D = 3.75

4

1

8

L / D = 7.50
Vertically dispersed nanotube composites 共Case 1兲
1.15
1.09
1.05
1.11
1.06
1.03
1.03
1.03
1.03
1.02
0.99
0.96
Horizontally dispersed
2.84
2.59
1.97
1.14

nanotube composites 共Case 2兲
2.04
1.31
1.90
1.27
1.58
1.19
1.10
1.06

Randomly dispersed nanotube composites 共Case 3兲
1.88
1.35
1.10
1.84
1.35
1.09
1.56
1.25
1.08
1.06
1.04
1.03

4

1

L / D = 15.0

1.13
1.09
1.03
1.02

1.10
1.07
1.03
1.00

1.04
1.03
1.03
0.97

3.85
3.55
2.69
1.31

2.67
2.52
2.03
1.22

1.46
1.42
1.31
1.11

2.05
2.04
1.72
1.08

1.40
1.40
1.28
1.07

1.15
1.12
1.11
1.06

a

This work is a parametric study. However, to acquire a physical sense, we apply the simulation to composites of carbon nanotubes in an epoxy resin matrix.
The Kapitza resistance can be obtained from the expression given in the text. We use the approximate values: density of resin,  = 1060 kg/ m3 共see Ref. 22兲,
heat capacity, C = 1.96 kJ/ 共kg K兲 共see Ref. 22兲, the velocity of sound, Cm = 2400 m / s 共see Ref. 23兲 in epoxy.

not change because nanotubes have the same diameter. However, the thermal conductivity increased highly for cases 2
and 3, as expected. When the nanotube axes are parallel to
the heat flow, the nanotube length allows the walkers to
travel faster in the cell. We can also conclude that the effective thermal conductivity, Keff, is much lower than that calculated from the modified Maxwell theory for nonspherical
inclusions, even in the case of heat transfer with cylinders
oriented parallel to the direction of heat transfer.5 The thermal conductivity of 1% volume fraction of SWNTs 共KCN in
the range 1750–6600 W / mK兲 dispersed parallel to the direction of heat flow in a material with Km = 1 W / mK can be
calculated to be between 18.49 and 66.99 W / mK, while the
thermal conductivity obtained from the simulation results is
less than 1.46 W / mK. This level of conductivity enhancement is comparable to experimental data for the thermal conductivity of nanotube composites.1,6 For example, the thermal conductivity of 1 wt % unpurified SWNTs dispersed in
industrial epoxy increased only from 0.2 to 0.29 W / mK.6
Conclusions. The effective thermal conductivities of
nanotubes dispersed in a continuous matrix were computed
over a wide range of thermal resistance, CN volume fraction,
and nanotube aspect ratio. A random walk algorithm was
used to simulate heat transfer through such a material under
different boundary conditions and after taking into account
the effects of thermal resistance. The algorithm was efficient
in that it removed the need to perform random walks within
the CNs. It was found that the effective thermal conductivities of nanotube composites are much lower than those calculated from the modified Maxwell theory. The effect of the
Kapitza resistance becomes important when the surface area
of the CNs and their aspect ratios are small.
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