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ABSTRACT: By incorporating nanoinclusions (carbon nanotubes, graphene sheets) with exceptional thermal conductivity
into a polymer matrix, one would expect to improve the heat
performance of resulting nanocomposites. However, the eﬀective thermal conductivity of carbon-based nanocomposites is
strongly inﬂuenced by the Kapitza interfacial resistance. In this
study, a comparison between carbon nanotubes and graphene
sheet nanocomposites that takes into account dispersion patterns of the nanoinclusions and the Kapitza resistance is
performed by means of a Monte Carlo simulation. It is found
that graphene-based nanocomposites can be more eﬃcient thermal conductors than carbon nanotube ones not only because of
smaller Kapitza resistance but also because of the geometry of the graphene sheet. When the Kapitza resistance is reduced by
appropriate functionalization of the graphene sheets and when the graphene sheet inclusions yield nematic patterns, our calculations
suggest the possibility of obtaining composite materials with eﬀective thermal conductivity up to 350 times larger in the direction
parallel to the graphene sheets than in the direction perpendicular to them.

1. INTRODUCTION
Carbon nanotubes (CNTs) with their outstanding electrical,
thermal, and mechanical properties have been suggested as
reinforcement ﬁllers in a variety of composite materials. By
incorporating CNTs into a polymer matrix, or by dispersing
CNTs into a solution, the eﬀective thermal conductivity of the
resulting composite can be increased. For example, this enhancement has been found to be from 80 to 125% at 1 wt % over pure
polymer for the case of epoxy composites1 or by a factor of almost
4 in the case of high volume fraction single-walled carbon
nanotubes (SWNTs) in polystyrene.2 However, on the basis of
the properties of pure CNTs, one would expect a much higher
increase of the eﬀective thermal conductivity of such composite
materials, up to an order of magnitude according to the classical
theory of Maxwell. The presence of resistance to heat transfer at
the CNT-polymer interface, known as the Kapitza interfacial
thermal resistance, is the reason for this diﬀerence.
The value of the Kapitza resistance can be roughly estimated
by the acoustic mismatch theory,3 which attributed this resistance to phonon transport across the interface of dissimilar
materials. The overall eﬀective thermal conductivity of a system
with nanoinclusions depends on the volume fraction of the
nanoinclusions and on the interfacial thermal resistance. It has
been suggested that the eﬀective medium theory can provide
insights about the thermal behavior of such systems4,5 by taking
into account the Kapitza resistance and diﬀerent geometries
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of nanoinclusions. The eﬀective thermal conductivity, Keﬀ, of
CNT nanocomposites can also be calculated numerically with
Monte Carlo (MC)-based methods, following the approach
developed by Duong et al.6 This method oﬀers the advantage
of explicitly accounting for the random or controlled placement
of the CNTs, the Kapitza resistance between the CNTs and the
matrix, and even the presence of a thermal boundary resistance
between neighboring CNTs in contact with each other.7,8 This
method has been validated by comparisons to experimental
data,9 and it has also been used to estimate the Kapitza resistance
eﬀects for suspension systems.10,11
The nature of interfacial thermal resistance at the atomic scale
can be explored with molecular dynamics (MD) simulations.12-14
It has been reported that the overlap of the thermal vibration
spectra between two materials is the key point to control the
Kapitza resistance at the interface.15,16 Multiscale modeling, in
which the Kapitza resistance is examined by atomic-scale simulations and a meso/macroscopic approach is employed to study the
thermal properties of bulk materials, can be seen as a suitable
approach to this problem. Clancy et al.13 employed MD simulations together with eﬀective medium theory to study the eﬀect of
functionalization on Kapitza resistance and thermal conductivity
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of resulting nanocomposites. They concluded that functionalization of edges and faces of nanoparticles is modestly eﬀective in
improving the thermal conductivity of the composite.
Graphene sheets (GS) have attracted attention because they
are both cheaper17 and possess properties analogous to those of
CNTs.18-20 Balandin et al.21 reported extremely high values of
the thermal conductivity of single-layer GS that outperform
CNTs in terms of heat conduction. This result gives rise to the
expectation that GS composites might be able to fulﬁll the
promise of thermally conductive carbon-based nanocomposites.
Recent theoretical and experimental investigations22 suggest that
electronic and magnetic properties of nano GS ribbons are
strongly dependent on the edge structure. MD simulation studies
investigated the thermal conductivity of graphene sheets with
diﬀerent edge terminations, and with diﬀerent shapes. It was
found that graphene nanoribbons have outstanding ballistic
transport properties23,24 and nanoribbons with zigzag long edges
possess 125% higher thermal conductivity than that of armchair
edges.25,26 When CNT and GS are dispersed in organic mediums, the nanocomposite thermal conductivity will be aﬀected by
the Kapitza resistance. To minimize the Kapitza resistance, it has
been suggested that functional groups, like alkane chains, should
be covalently bonded to CNTs or GSs.27-29
While MD simulations have answered the question of whether
GS has less Kapitza resistance than CNT or not,15 the question of
how much the macroscopic thermal properties of resulting
nanocomposites are aﬀected by the Kapitza resistance remains
unanswered. In this work, we investigate the eﬀective conductivity of GS nanocomposites by means of mesoscopic, oﬀ-lattice
MC simulations. In addition to the presentation of a computational methodology for the study of the macroscopic eﬀects of
GS orientation, dispersion, and volume fraction on the eﬀective
thermal conductivity of GS nanocomposites, the contributions of
this paper are: (a) a comparison of the macroscopic thermal
performance between CNT nanocomposites, GS nanocomposites, and functionalized-GS nanocomposites and (b) the utilization of this methodology to calculate the Kapitza resistance of GS
in polystyrene composites from recently conducted experiments.
However, because of the coarse-grained level of description
adopted herein, edge eﬀects cannot be addressed.

2. SIMULATION METHODOLOGY AND SELECTION OF
SIMULATION PARAMETERS
Details of the algorithm have been described in previous
works.6,9 Similar algorithms have been used for the simulation
of heat or mass transfer in convective ﬂows30-33 and for the
simulation of heat or mass transfer in porous media.34,35 The heat
transport is considered to be the result of the behavior of discrete
heat walkers that travel through the composite by Brownian
motion.36 At each time step, the walkers move through the matrix
with random jumps that are evaluated in each space direction by
drawing random numbers from a normal distribution with a zero
mean and a standard deviation, σ, given as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1Þ
σ ¼ 2Dm Δt
where Dm is the thermal diﬀusivity of the matrix material and Δt
is the time increment of the simulation. Once a thermal walker
arrives at the matrix-inclusion interface, it can either enter the
inclusion based on a probability, designated as fm-i, or remain in
the matrix with a probability (1 - fm-i). Once a walker moves
inside an inclusion, it is assumed to distribute randomly and
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Figure 1. The thermal walkers can jump out of the inclusions by ﬁrst
arriving in a shell close to the inclusion-matrix interface (green area).
This type of algorithm is computationally more eﬃcient than letting
walkers try to exit from anywhere inside the inclusion and at the same
time ensures a continuous and uniform distribution of the walkers across
the interface at thermal equilibrium.

uniformly inside the inclusion, because the thermal conductivity
of the inclusion (be it a CNT or a GS) is about 4 orders of
magnitude larger than the thermal conductivity of the matrix. In
every subsequent time step, the heat walker can exit the inclusion
based on another probability, designated as fi-m, that determines
whether the walker will exit or will remain inside the inclusion, in
which case it will be reassigned a new position inside the
inclusion randomly. On the basis of thermal equilibrium, and
assuming that the Kapitza resistance is the same when entering
and when exiting the inclusion, the two probabilities, fm-i and fi-m,
are related as follows
Vi fi-m ¼ Cf σAi fm-i

ð2Þ

where Ai and Vi are the surface area and the volume of the
inclusion, respectively, and Cf is a thermal equilibrium factor,
which depends on the geometry of the inclusions.
In the present work, instead of placing the walkers at the
CNT-matrix interface before moving them out of the CNT,6
the exiting walkers are randomly placed inside a shell whose outer
surface is the inclusion-matrix interface. The thickness of this
shell is determined by the standard deviation of the Brownian
motion movement, equal to 2σ. The walkers jump out of the
inclusion after being placed randomly inside that shell (see
Figure 1). For the GS, which is very thin, the walkers jump out
from their locations inside the GS, again without ﬁrst being
moved to the inclusion surface. This scheme results to a uniform
and continuous distribution of the walker density inside and
outside the inclusions, even across the interface, at conditions of
thermal equilibrium. In prior versions of the algorithm there was
a discontinuity of the walker density across the interface at
thermal equilibrium conditions, which was incorporated into
the value of Cf. The new algorithm is, therefore, physically
more sound.
The numerical methodology for calculating the thermal
equilibrium factor, Cf = 0.35, for CNTs has been described by
Duong et al.6,9,11 The factor Cf is obtained as follows for a GS:
First, one parallelepiped (representing a large GS) having
dimensions of 2.52 nm  64.45 nm  0.34 nm was placed
randomly inside a cubic computational box with sides equal to
100 nm (300  300  300 grid points). Second, the heat walkers
were released at every grid cell and were allowed to perform their
random walk. The fraction of heat walkers inside the GS was
calculated after increments of 500 time steps, and the simulation
was stopped once this value did not change any longer with
simulation time (equilibrium state). The correct value of the
equilibrium factor of the GS (Cf = 0.33) was considered to have
been reached when the volume fraction of the parallelepiped was
3873
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Figure 2. Fraction of walkers inside each GS with the sheet number
(theoretically expected fraction of walkers) at thermal equilibrium state
and Cf = 0.33. There are 88 sheets (2.52 nm  64.45 nm  0.34 nm) that
are randomly dispersed inside a cubic computational domain with sides
of 100 nm, so the fraction of the walkers within each sheet is expected to
be equal to the volume fraction of one sheet (2.52  64.45  0.34/
1,000,000 = 5.52  10-5). Because there is one heat walker released at
every grid cell, the number of heat walkers in each GS at equilibrium will
be equal to the number of grid cells constituting the GS, or in other
words, the fraction of walkers staying inside the GS must be equal to the
volume fraction of GS at thermal equilibrium conditions.
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equal to the fraction of heat walkers inside the parallelepiped.
Because there is one heat walker released at every grid cell at the
beginning of the simulation, the number of heat walkers in each
GS at equilibrium has to be equal to the number of grid cells
constituting the GS, or in other words, the fraction of walkers
staying inside the GS must be equal to the volume fraction of GS
at thermal equilibrium conditions. Lastly, this value for Cf was
checked further by placing 88 parallelepipeds (2.52 nm  64.45
nm  0.34 nm) randomly inside the same cubic computational
box and examining the fraction of heat walkers inside each GS as
compared to the expected value of this fraction. At thermal
equilibrium, the heat walkers should distribute uniformly and the
theoretically expected value of the fraction of the walkers inside
all the GS should be equal to the volume fraction of the GS
(Figure 2).
To estimate the eﬀective thermal conductivity of a CNT or a
GS nanocomposite, a cubic computational domain with sides of
100 nm and 300  300  300 equally spaced grid points was
utilized. While the CNTs were simulated as solid cylinders, the
GSs were considered as rectangular sheets, resembling GS
nanoribbons. The thickness of the GS was equal to the distance
between two graphite layers, which is 0.34 nm,37 and the radius of
the CNTs was 0.4 nm. Both the CNTs and the GSs were placed
randomly inside the domain, with either random or controlled

Figure 3. (a) 50 GSs (2.52 nm  64.45 nm  0.34 nm), left panel, and 50 CNTs (diameter = 0.8 nm, length = 64.45 nm, aspect ratio L/d = 80.5), right
panel, that are randomly placed with random orientation inside a cubic computational domain with sides of 100 nm. (b) 100 CNTs (diameter = 0.8 nm,
length = 64.45 nm, aspect ratio L/d = 80.5), right panel, that are placed parallel and perpendicular to the direction of heat ﬂux (also x-direction) inside a
cubic computational domain with sides of 100 nm.
3874
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Figure 5. Eﬀective thermal conductivity of CNT composites (rectangles),
GS composites (diamonds), and FGS composites (triangles) at various
volume fractions. The inclusions are randomly placed in the domain but are
aligned in the x direction so that they are parallel to the heat ﬂux.

Figure 6. Eﬀective thermal conductivity of CNT composites (rectangles),
GS composites (diamonds), and FGS composites (triangles) at various
volume fractions. The inclusions are randomly placed in the domain but are
aligned in the z direction so that they are perpendicular to the heat ﬂux. For
the GS cases, the plane of each GS is normal to the direction of the heat ﬂux.
Figure 4. (a) Eﬀective thermal conductivity of CNT composites
(rectangles), GS composites (diamonds), and FGS composites
(triangles) at various volume fractions. The inclusions are randomly
placed with random orientation. The error bars indicate the variance of a
t test with 95% level of conﬁdence. (b) Distribution of the orientation of
CNTs relative to the direction of the heat ﬂux (i.e., x direction). The
designation 0° means the CNTs are parallel to the x direction and 90°
means the CNTs are perpendicular to x direction. (c) Change of average
distance between six closest neighbor CNTs with the amount of CNTs
inside the composite.

orientation relative to their axes, and were not in contact with
each other (see Figure 3). Thermal walkers were released from
one side of the computational domain, at x = 0, representing a
heated surface. At the same time, an equal number (90,000) of
cold walkers were released from the opposite plane, representing
a cooled surface. The time step was equal to 10-4 s. The
boundaries in the other two space directions were periodic. This
scenario corresponds to the case of having a constant heat ﬂux
throughout the domain, and the temperature proﬁle should
be a straight line with a slope inversely proportional to the
thermal conductivity of the composite. The temperature was
obtained by counting the number of heat walkers in each
grid unit after attaining steady state conditions and subtracting
the number of heat walkers originating from the cold side of the

box from the number of heat walkers originating from the hot
side of the box.38 Similar calculation protocols were implemented
for the pure matrix, without any nanoparticles present, and for
the nanocomposites with varying amounts of nanoparticles.
The ratio between the temperature gradients without (i.e., when
only the matrix was present in the domain) and with the
inclusions is reported as the eﬀective thermal conductivity of
the nanocomposite divided by the thermal conductivity of the
matrix (Keﬀ/Km).
The GSs were placed randomly within a cubic computational
domain with the same size as the one described above. To create
a randomly oriented GS, one needs to generate three diﬀerent
random angles corresponding to the rotation of the GS axis in
the 3 directions of the Cartesian coordinate system. If the GS
is required to be placed parallel or perpendicular to the x-axis
(i.e., the axis parallel to the direction of heat ﬂux), one can simply
set the corresponding angle to be zero or π/2, respectively.
For the case of CNTs, there are only two random angles required
to generate randomly oriented cylinders. By changing the
initial seed number used for the random number generator, the
placement and orientation of the inclusions can be changed
randomly. Following this procedure, six diﬀerent simulation
runs were conducted to obtain results for the conditions of
3875
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Z
fm-i ¼

π=2

fm-i ðθÞ cos θ sin θ dθ

ð5Þ

0

where θ is the angle between the wave vector of the incident
phonon and the vector normal to the interface, ν is the phonon
velocity, and indices m and i refer to the matrix and the inclusion,
respectively. The Kapitza resistance, based on the AMM model,
is therefore calculated in two steps. First, based on Snell’s Law3

Figure 7. Eﬀective thermal conductivity of CNT composites
(rectangles) and GS composites (diamonds) at 1.0 % vol and diﬀerent
length/width ratios. The inclusions are randomly placed with random
orientation.

each numerical experiment. The error bar that appears in
Figures 4-7 represents the standard deviation of the results
calculated using the Student’s t test with a 95% level of
conﬁdence.
The value of the Kapitza resistance is a required input for the
MC simulation. One can either estimate the Kapitza resistance
based on a simpliﬁed theoretical approach (such as the acoustic
mismatch model, AMM, or the diﬀuse mismatch model, DMM),
or obtain it from experiment, or from MD simulations. It is also
possible, if experimental values of the eﬀective thermal conductivity of the nanocomposite are known, to use MC simulations in
order to back calculate the Kapitza resistance for the nanocomposite. In the latter case, diﬀerent values of the Kapitza resistance
are assumed; the simulation is run for each case, and the correct
Kapitza resistance is the one that yields results in agreement
between the experiments and the simulations. Conventional
numerical methods, like ﬁnite elements, have been used to obtain
the conductivity for GS with a trial and error procedure when
temperature data are available experimentally,39 but the value of
the Kapitza resistance cannot be obtained. When Keﬀ of a
composite is studied, with our particle-based and meshless
algorithm there is no need to generate a mesh that would ﬁt
the complicated geometry of inclusions dispersed into a matrix
material and to repeat the mesh generation every time a new
conﬁguration is examined. Furthermore, the incorporation of the
Kapitza resistance at the interfaces happens in a natural way,
through a probability, which is according to the AMM theory one
way to describe the Kapitza resistance.
According to the simpliﬁed AMM, the phonon transmission
probability, fm-i, is calculated from the Kapitza resistance as
follows3
fm-i ¼

4
Fm Cm νm Rbd

ð3Þ

where subscript m designates the matrix and subscript i designates the inclusion, F is the density of the matrix material, C the
speciﬁc heat, ν the velocity of sound in the matrix, and Rbd the
Kapitza thermal boundary resistance. The probability fm-i can be
found for the case when the incident wave is normal to the
interface or as a function of incident angle according to40
fm-i ðθÞ ¼

4Fm vm cos θi Fi vi cos θm
ðFm vm cos θi þ Fi vi cos θm Þ2

ð4Þ

one can replace

sin θm
sin θi
¼
νm
νi

ð6Þ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
νi
cos θi ¼ 1 sin θm
νm

ð7Þ

and the phonon transmission probability as a function of incident
angle θm in eq 4. Then, the average phonon transmission is
calculated by eq 5 with numerical integration over the entire
range of incident angles. Finally, the Kapitza resistance is
obtained from eq 3.
The Kapitza resistance based on the DMM depends only on
the phonon velocities inside the two materials and on the
absolute temperature, T, as follows3
!-1
-2 -2
10 vm vi
Rbd ¼ 1:02  10 -2
 T -3
ð8Þ
vm þ v-2
i
Table 1 is a summary of the theoretical predictions for the
values of the Kapitza resistance for a CNT-octane and a GSoctane suspension system. Suspensions in octane were chosen
because MD simulation results are available15,41 for CNTs, GSs,
and functionalized GSs (FGS) in such systems. Because of
computing power limitations, the MD simulations considered
small GSs of 54-216 carbon atoms and FGS were obtained by
attaching single or double alkane chains at the edges of these
GSs.15
As can be seen in Table 1, not only do the AMM and the
DMM approaches yield diﬀerent values for the Kapitza resistance
but their predictions also diﬀer from those obtained from MD
calculations. The AMM can provide an estimate but not a precise
value of the Kapitza resistance, because it does not take into
account phonon scattering events at the interface. The DMM
assumes that all the phonons are diﬀusely scattered at the
interface, or in other words, the incident phonon forgets where
it came from and scatters in both media with the same energy.
This diﬀuse scattering signiﬁcantly decreases the Kapitza resistance at the interfaces, where the dissimilarity between two
materials is extremely large. These theories cannot predict the
Kapitza resistance for the case of functionalized GS, since the
material properties appearing in eqs 3-8 are properties for pure
substances. In light of these diﬀerences and the diﬃculty to
obtain theoretical predictions for functionalized GS, Kapitza
resistance values inspired by MD simulations were used as input
for the CNT-matrix, GS-matrix, and FGS-matrix Kapitza
resistances in the MC simulations. It should be pointed out here
that MD results have also shown that the Kapitza resistance for
GS systems depends on the GS size, so only comparisons to
experiments will validate our assumptions. The average phonon
transmission probability of SWNT-octane and GS-octane was
3876
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Table 1. Properties and Kapitza Resistance of SWNT and GS with and without Functional Groups in Octanea
composite

SWNT-octane

GS-octane

AMM

1.32

5.33

DMM

0.11

0.21

MD15,41

4.26

1.33

FGS-octane

Rbd  108 (m2 K/W)

SWNT
21

GS

octane

3000-3500

4840-5300

0.124

properties at 25 °C

heat capacity (J/kgK)

velocity of sound (m/s)

density (kg/m3)

octane27

2230

1171

710

SWNTs48,49

670

17500

1400

20000

2230 (graphite)

K (W/mK)

GS50
a

0.42

The Kapitza resistance was calculated based on the AMM and the DMM and with MD simulations.15

Table 2. Number of CNTs and GSs Used in the Simulation
vol %
0.5
no. CNTs
no. GSs

1.0

2.0

3.0

length (nm)

length/width

Ai/Vi

155

310

620

930

64.45

25.6

5.03

88

176

352

528

64.45

25.6

6.70

calculated using eq 3. Furthermore, the results of Konatham and
Striolo41 indicate that FGS can be dispersed in octane, providing
justiﬁcation to our assumption that functionalized GSs do not
agglomerate. By assumption of well-dispersed GS, GS-GS heat
transfer resistances were not taken into account.

3. RESULTS AND DISCUSSION
3.1. GS Nanocomposites Compared to CNT Nanocomposites. For comparison purposes, the CNT and GS considered in

our simulations have the same length. The width of one GS is
equal to the perimeter of a CNT. The FGS is modeled as having
the same geometric shape and dimensions as a GS, with the only
difference being the value of the Kapitza resistance. Furthermore,
in our calculations, a single value for the Kapitza resistance was
assumed to apply everywhere at the interface between the matrix
and the nanoinclusion, neglecting the effects of different GS edge
types on the effective thermal conductivity. The number of
CNTs and GSs used in each simulation run are presented in
Table 2. Note that the volume of one CNT is smaller than that of
one GS, so more CNTs are needed in order to keep the same
volume percent as with GSs. In our simulations, the CNTs are
considered as straight cylinders with diameter d = 0.8 nm and
aspect ratio (length/width) = 80.5. By unfolding the CNTs, we
obtained GSs with L/d = 25.6.
The values of the eﬀective thermal conductivity are presented
in Figure 4a as a function of the volume fraction of CNTs, GSs,
and FGSs. The inclusions were randomly placed in the computational domain and also had random orientation (i.e., a random
angle of the CNT axis relative to the Cartesian coordinate system
and randomly oriented normal vectors to the GS planes). The
inclusion placement algorithm worked sequentially, ﬁrst randomly placing an inclusion and then checking whether this new
inclusion intersected with previously placed inclusions. Also, for
computational simplicity, neither GSs nor CNTs were allowed to
intersect the faces of the computational box. Thus, despite the

imposed random orientation, the distribution of the angles is not
exactly uniform, but it is symmetric. As shown in Figure 4b for
CNTs, the distribution of the orientation angles for the lower
volume fraction case is closer to being uniform. As detailed later,
the CNT orientation aﬀects the eﬀective nanocomposite thermal
conductivity. The error bars in Figure 4a (and in other Figures)
indicate the standard deviation in the results of 6 simulations
conducted for each case using a Student t test with 95% level of
conﬁdence. As it can be seen, GS composites exhibit higher
values of Keﬀ than CNT composites. This improvement is more
obvious at larger volume fractions, where the use of functionalized GS can provide over 4 times enhancement of the thermal
conductivity of the matrix. Our predictions show a signiﬁcant
enhancement of the thermal conductivity for GS-based nanocomposites. This result is due to several factors. In our calculations the Kapitza resistance is assumed to be smaller for GS and
FGS than for CNT; the surface to volume ratio of one GS is 6.70,
i.e., 33.3% higher than that of one CNT (Table 2).
The values of Keﬀ for the case of randomly placed inclusions,
but with their longest dimension oriented in the direction of
the heat ﬂux, are presented in Figure 5 as a function of the volume
fraction of CNTs, GSs, and FGSs. This is the case that yields the
highest values of Keﬀ. With the same volume percent, the eﬀective
thermal conductivity of GS composites is roughly 50% higher
than that of CNT composites, while FGS composites are
predicted to have Keﬀ up to twice that of CNT composites.
Results in Figure 4a and in Figure 5 suggest that the eﬀective
thermal conductivity of all nanocomposites increases as the
inclusion (CNT, GS, or FGS) volume fraction increases. It
should be pointed out that for the calculations discussed herein
the nanoinclusions are well dispersed within the organic matrix.
As the inclusion volume fraction keeps increasing, the average
distance between the nanoparticles decreases (see for example
Figure 4c for CNT composites), and the nanoparticles will
eventually come in contact with each other. At those conditions
the nanoparticle-nanoparticle Kapitza resistance may become
important, as suggested by Maruyama et al.42 and Duong et al.8
The above results for CNTs are compared with results
obtained from eﬀective medium theory and the same volume
fraction and size of the CNTs. Details of the analytical formulas
are described in the literature.4,5 When the inclusions (CNTs,
GSs) are oriented parallel to the direction of the heat ﬂux (i.e., in
the x direction) the eﬀective thermal conductivity can be
computed by the rule of mixing to be equal to the volume
3877
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Table 3. Eﬀective Thermal Conductivity of CNT, GS-Octane,
and Comparison with Theoretical Results (eqs 9-11) at
Diﬀerent Volume Fractionsa
vol %

0.5
1.0
Keﬀ/Km of CNT-octane

parallel, theory

2.0

3.0

121.96

242.92

484.85

726.77

parallel, simulation

8.35

24.62

105.23

209.09

random, theory
random, simulation

1.19
1.44

1.38
1.94

1.69
2.30

2.04
3.29

perpendicular, theory

1.01

1.02

1.04

1.06

perpendicular, simulation

0.99

0.99

0.99

1.00

Keﬀ/Km of GS-octane
parallel, theory

196.56

392.12

783.24

1174.35

11.46

36.94

162.60

289.32

perpendicular, theory

1.00

1.01

1.02

1.03

perpendicular, simulation

0.99

0.99

0.98

0.99

parallel, simulation

a

The dimensions of CNTs are as described in Table 2. For the case of
randomly oriented CNTs, the simulation generates truly random
cylinders and the analytical formula considers aligned cylinders with
an angle φ relative to the heat ﬂux that satisﬁes cos2 φ = 1/3.

fraction of each phase multiplied by its thermal conductivity, as
follows
Kef f ¼ ð1 - wÞKm þ wKp

ð9Þ

where Km and Kp are the thermal conductivity of the matrix and
of the inclusions, respectively, and w is the volume fraction of the
inclusions. When they are oriented perpendicular to the direction
of the heat ﬂux (i.e., in the z direction, see Figure 3b,) then4
Kef f ¼

Kp Km


Rbd Km
Kp
Kp - w Kp - Km L

ð10Þ

where L is the length of the inclusions. When the CNTs
(cylindrical inclusions) are randomly oriented, the thermal
conductivity is assumed to be the same as that of aligned CNTs
oriented with an angle φ relative to the direction of the heat ﬂux,
such that cos2 φ = 1/3. The eﬀective thermal conductivity is then
given as5
Kef f ¼ Km ½3 þ wðβx þ βz Þ=½3 - wβx 

ð11Þ

with
c
βx ¼ 2ðK11
- Km Þ=ðKm þ Kiic Þ and
c
=Km - 1
βz ¼ K33
c
¼
K11

Kp
Kp
c
¼
and K33
2Rbd Kp
2Rbd Kp
1þ
1þ
d
L

ð12Þ
ð13Þ

where d and L are the diameter and length of the cylindrical
inclusions, respectively.
As seen in Table 3, the analytical results overestimate the
eﬀective thermal conductivity for the cylinders that are parallel to
the heat ﬂux and underestimate these values for the case of
randomly oriented cylinders compared to the simulation results.
The reason of this major discrepancy for cylinders parallel to the
direction of heat transfer is that there exists a Kapitza resistance at

the interfaces at both ends of the cylinders when the cylinders are
parallel to the heat ﬂux, but the analytical formula does not take
into account this eﬀect.
3.2. Anisotropic Heat Transfer in Nanocomposites with
Controlled Morphology of CNTs, GSs, and FGSs. When the
inclusions were perpendicular to the heat flux, (Figure 6), our
results predict no enhancement in the thermal conductivity in
any of the cases examined. The values obtained for Keff even
decreased proportionally to the amount of inclusions placed in
the system. The anisotropy ratio of the effective thermal conductivities of the composites with inclusions oriented parallel and
perpendicular to the heat flux (Keff-x/Keff-z, where Keff-x and Keff-z
are the effective thermal conductivities in the direction of the
heat flux and in the direction perpendicular to the heat flux,
respectively) has values that are almost equal to Keff-x, since Keff-z
is almost one for all cases. This anisotropy ratio represents the
ratio of the largest to the smallest eigenvalue of the effective
thermal conductivity tensor, often called the condition number of
the tensor. As the inclusion volume fraction increases, the
anisotropy ratio increases, reaching a value of over 350 for
FGS and 4.5 vol %. It becomes evident that a material will
behave as a thermally conducting material in one direction and as
thermal shield in another, if the inclusions are properly oriented.
Such properties would be possible to obtain with advanced CNT
composites that have high volume fraction of oriented
CNTs,43,44 but there is need for some experimental effort to
produce nanocomposites with controlled orientation of the GS.
3.3. Effects of Aspect Ratio of CNTs and GSs. Each GS was
considered as a rectangular sheet, in which the heat can travel
along two directions parallel to the GS plane. On the contrary,
the CNT was a cylinder that acted as an one-dimensional heat
conducting inclusion, especially at high aspect ratios. To study
this effect on Keff of the composite, we simulated cases where the
Kapitza resistance of the GS-matrix was set to be equal to that of
the CNT-matrix resistance (as shown in Table 1). The simulations were performed at the same volume fraction (1.0%), with
random inclusion orientation, but with different length/width ratios.
As the length/width ratio (or length/perimeter ratio for the
case of the CNTs) was equal to 25.6 for a GS and a CNT, no
diﬀerence in Keﬀ of the composites was observed (see Figure 7).
At high length/width ratio, the width of the GS is rather small
compared to its length, and the heat conduction along the length
is dominant like that of the CNT. However, Keﬀ of GS composites is larger than that of CNT composites, when the width of the
GS is comparable to its length, because the heat can travel along
both directions in this case. Regarding the question of what type
of composite would be more eﬃcient for heat transfer, a CNT
composite or a GS composite when the Kapitza resistance is the
same for both, the answer depends on the length/width ratio (see
Figure 7). The value of Keﬀ/Km increases as the length/width
ratio increases from 5 to 25. Above this value, our predictions do
not indicate enhancement of the eﬀective thermal conductivity
for GS composites relative to CNTs. The inclusion type (CNTs
or GSs) is only important in small length/width ratios.
It is also seen in Figure 7 that Keﬀ of both the GS and the CNT
composites increases with increasing length/width ratio. It has
been observed with the use of MD45 that the thermal conductivity of both SWNT and GS is proportional to the length indicating
purely ballistic heat conduction. Shiomi et al.45 found that as the
length of CNTs and GSs increases, the distribution of eﬀective
phonon mean free paths becomes broader, so that phonons with
relatively long mean free paths cause an increase of the thermal
3878
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of the thermal conductivity of the composite divided by that of
the polymer is aﬀected by the Kapitza resistance rather than
the type of the matrix material (polystyrene or octane). It is
reasonable to conclude that composites with the same Keﬀ/Km
should have comparable Kapitza resistance, when the
volume fraction of the inclusions and the dispersion pattern
are the same.
There is some uncertainty regarding the length/width ratio,
the thickness and the dispersion pattern of the GSs used in the
experiments, since the GSs can bend and even twist. However,
based on Figure 7, we can see that the value of Keﬀ/Km does not
change dramatically (28.5%) when varying the length/width
ratio of the GSs. Assuming a pattern of randomly dispersed
and randomly oriented GSs, we can see in Figure 8 that the
experimental data from Fang et al.47 for PS1GNs (i.e., graphene
sheets with very small fraction of PS grafting) have a similar
enhancement factor to that of GS-octane for randomly oriented
GSs of similar weight percent in the present work. The value of
Kapitza resistance of GS as well as FGS used in our work is 1.33 
10-8 and 0.42  10-8 m2 K W-1, respectively. The Kapitza resistance of GS-PS is, thus, comparable to that of GS-octane.

Figure 8. (a) Comparison of the enhancement factor (Keﬀ/Km) of
CNT-polyisoprene composite from experiment,46 Nan’s theory,5 and
this work. (b) Comparison of the enhancement factor (Keﬀ/Km) of GSoctane (continuous line) and FGS-octane (dashed line) composites
from this work with that of GS-PS composites from experiment47 (the
designations PS1GNs and PS12GNs correspond to low grafting density
and high grafting density samples, respectively, following the symbols in
Fang et al.).

conductivity. This also justiﬁes our simulation approach to
randomly and uniformly place the walkers once inside the
inclusion, instead of moving them with Brownian movements,
so long as the length of the nanoinclusions is larger than the
phonon free path.
3.4. Comparison to Experimental Results. For CNT-based
composites, validation of our protocol with comparison to experimental data has been described in our previous work.9,10 Kapitza
resistances were estimated for CNT-epoxy (Rbd = 4.01  10-8 m2
K W-1) and CNT-PMMA composites (Rbd = 9.53  10-9 m2 K
W-1). On the basis of experimental data of CNT-polyisoprene
composites46 at 1 wt % (0.6 vol %), Kapitza resistance was calculated
(Rbd = 8.14  10-8 m2 K W-1) by varying the value of fm-i in the
MC simulations until Keff from the simulations matched the
experiment. By use of the Kapitza resistance thus obtained, we
computed Keff for CNT-polyisoprene composites at 5 wt % (3.2
vol %). As can be seen in Figure 8a, when the dispersion pattern of
the CNTs is assumed to be the same at 1 and 5 wt % CNTs within
the nanocomposite, our MC simulations reproduce the experimental data even better than the effective medium theory from Nan
et al.4,5
A recent experimental report for GSs dispersed in polystyrene
(GS-PS) at loadings less or equal to 2 wt % substantiates
the conclusion that GS nanocomposites are better thermal
conductors than SWNT nanocomposites.47 This report did
not include an estimation of the Kapitza resistance at the GSPS interface. However, by comparing the enhancement factor,
Keﬀ/Km, with our current work, we can obtain an estimate of the
Kapitza resistance for the GS-PS system (Figure 8b). For
the same type of nanoinclusions and dispersion pattern, the ratio

4. CONCLUSIONS
On the basis of prior work, the GS nanocomposites appear to
have lower values of Kapitza resistance when compared to the
CNT composites. By use of MC methods, we have calculated the
eﬀective thermal properties of GS nanocomposites taking into
account this resistance, and we have found that they can become
an alternative to CNT composites from both a ﬁnancial and a
technical point of view. Composites with functionalized GSs
exhibit almost double Keﬀ relative to CNT composites for
inclusions oriented it the direction of the heat ﬂux. Furthermore,
by comparison with experiment data,46,47 we found that the
Kapitza resistance for a CNT-polyisoprene and for a GS-PS
system are 8.14  10-8 and 1.33  10-8 m2 K W-1, respectively.
The anisotropy ratio of the eﬀective thermal conductivity
tensor increases for GS nanocomposites, indicating that there is
added value in pursuing the manufacturing of GS composites
with controlled orientation of GS. Controlling the orientation of
the GS in the composite can lead to the manufacturing of
composites that have quite diﬀerent thermal behavior in diﬀerent
directions. For example, for an anisotropy ratio of 350 (like the
FGS case) the material can be a thermal insulator in one direction
and have a thermal conductivity 350 times larger than in a
direction perpendicular to that.
Finally, it appears that the two-dimensional heat transfer is not
important for GS with an aspect ratio larger than 25 and that the
most important factor that aﬀects the eﬀective thermal conductivity is the value of the Kapitza thermal boundary resistance.
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